We calculate the CMB anisotropy power spectrum of closed universe due to scale invariant fluctuation of primordial universe by considering spherical harmonics for 3-sphere. In particular, we show that this consideration affects CMB anisotropy power spectrum, contrary to the wide belief. We show that the best-fit for χ = sin −1 r L , where r L is the radial distance of last scattering surface, is χ = 0.14 +0.09 −0.03 whereas the previous analysis from WMAP +BAO+H 0 gives χ = 0.16 +0.14 −0.16 .
Introduction
It is well-known that the CMB anisotropy power spectrum gives us very valuable information about our universe. It is also well-known that the scale-invariance in primordial universe implies that C l l(l + 1) is a constant for low l. However, it turns out that C l is severely suppressed for l = 2. This could be due to a big cosmic variance, but it could be due to another effect.
In this article, we will consider a closed universe. Under such a consideration, our universe is necessarily 3-sphere. In the analysis of CMB anisotropy, only the spherical harmonics of 2-sphere have been considered so far. However, as we will see in this article, considering the spherical harmonics of 3-sphere gives differences to the CMB anisotropy spectrum, even though only for low l. In particular, we succeeded in lowering C 2 , even though not as low as the observed value, implying that the cosmic variance still plays a role, albeit to a less extent.
The organization of this article is as follows. In Section 2, we review the spherical harmonics for 3-sphere. In Section 3, we review how the traditional CMB anisotropy analysis is done by using the spherical harmonics for 2-sphere. The aim is to set a comparison with the case of 3-sphere in Section 4. In Section 4, we derive the CMB anisotropy using the spherical harmonics of 3-sphere. This section is the main part of this paper. In particular, we show that for large l, we recover the usual scaling law C l l(l + 1) = const. In Section 5, we use data analysis to obtain the radial distance of the last scattering surface. In particular, we will see that it agrees with the one obtained earlier by another method.
Spherical harmonics for 3-sphere
The spherical harmonics on 3-sphere is given by
where q is a non-negative integer and l runs from 0 to q and m runs from −l to l. Of course, we can write
for a suitable X ql . Given q, there is a degeneracy of (q + 1) 2 , as
For our purpose, the following relation is important (see [1] , for example)
where U q is Chebyshev polynomials of the second kind, i.e.,
and u are v are 4-d unit vectors in unit 3-sphere.
Traditional spherical harmonics analysis in CMB anisotropy
This section is important to set a comparison with our application of spherical harmonics for 3-sphere.
Then, using
C l can be obtained by
In particular, when Sachs-Wolfe approximation is valid, we can write
where R is the primordial curvature perturbation, and r L is the radial coordinate of the last scattering surface. When R satisfies approximate scale invariance, as widely believed, we have
in which case we have
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Let's re-write (4) as
where cos θ ≡ u · v. Then, we can write
where cos θ is the dot product betweenn andn ′ in 3-sphere. Here, by an abuse of notation, we denoted the average of |a qlm | 2 as C q ; this is not the same one as C l .
Now, let's compare this with (7). Forn ·n ′ = cos θ nn ′ , and θ nn ′ small, the right-hand side of (7) can be expanded as
In case of (14) for θ small, we have
Thus, we see that they indeed have the similar structure. C l is replaced by C q , the degeneracy (2l + 1) is replaced by (q + 1) 2 , the leading term in the parenthesis is both 1, and the coefficients for θ 2 nn ′ and θ 2 are both proportional to the eigenvalues for the Laplacian. From this reason, we expressed (14) by pulling out the factor (q + 1) 2 to the front, instead of the original expression C q (q + 1)U q (cos θ)/(2π 2 ).
In 2-sphere case, we used (8) to obtain C l . However, in 3-sphere case, we shall not use (17), because what we want to obtain is C l not C q . Moreover, the integration range of (17) is not the subdomain 2-sphere, but the whole 3-sphere, as we can see from the measure sin 2 θdθdΩ. In other words, we still need to use (17), but only if the integration range is properly considered. As we have
the integration range is
Thus to obtain C l , we have
cos θ=cos 2χ
The range for the infinite sum comes from the fact that, for a given l, the possible q runs from l to ∞. The (2l + 1) term in the left-hand side comes from the fact that there is a degeneracy of (2l + 1) for a given l. In other words, we have (2l + 1) factor on the left-hand side and (q + 1) 2 factor on the right-hand side as expected from (3). Now, we need to find C q . Recall that the Lagrangian for R in inflation is given by
Considering that R is conserved, ∂ t R is zero. Thus,
Therefore, the two-point function of Fourier mode is given by the inverse of the Laplacian. As the eigenvalues of Laplacian is proportional to q(q + 2), we conclude C q is proportional to 1/(q(q + 2)). Thus, we have
= Cχ
for some constant C.
Here, we see that C l is roughly proportional to 1/(l(l + 1)) from the first term. The second term rapidly converges to zero for higher l, not only because there are fewer terms to add (even though there are infinite terms to do so), but also because the sine function is oscillating.
Data analysis
Let's set the notation. We have
where we ignored the contribution from the radiation. We use Ω M = Ω tot − Ω Λ .
To calculate χ, we use the data in [2] . For WMAP +BAO+H 0 , they obtained 
For CMB anisotropy data, we used [3] . As the present author does not know well about statistics and data processing, we tried to find the best fit χ by trial and error. First, we defined D l ≡ C l · l(l + 1) and obtained the value for
by averaging from l = 2 to 29, which we got 851. (If we use the notation of (25), we have D = Cχ.) Then, we tried to minimize
where "obs" denotes observed value, and "th" denotes theoretical value, and
σs are also in the Table 1 .
We found that χ = 0.14 minimizes (30). Then, as you can see from [3] , l = 2 is suppressed while l = 5 is augmented. This is true for χ = 0.11 to 0.23. Therefore, our conclusion is χ = 0.14 +0.09 −0.03 which agrees with (28). 
Discussions and Conclusions
In this article, we examined the CMB anisotropy power spectrum by a novel approach, and found an agreement with the earlier analysis. Future work should consider other effects, going beyond the scale invariant primordial universe.
